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Calculus: Objectives

To understand and use differential processes and
equations (de's)

To understand Laplace transforms and their usein
the integration of de's (analytical integration)

To understand Euler’s method of numerical
integration

To understand integration as a summation process

Calculus

Pharmacokinetics is the study of the rate of
drug movement and transformation

— Studied using differential calculus

Drug performance is related to total amount
of drug absorbed

— Studied using integral calculus




Differential Equations

e Most (but not al) rate processes are first or
zero order
— Write differential equations from diagram
— Convert differential equation into integrated
form
* Numerical methods - Euler’s method and others
« Analytical method - Laplace transform
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Diagram of Rate Process

e Draw the diagram

%) k1 k2

Zero order rate constant: kO
First order rate constants: k1 and k2

Diagram of Rate Process

« Write the de - Component 1

o a @‘L@




Diagram of Rate Process

* Write the de - Component 1
Positive Rates - arrow into component ‘

) k1 @L@
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Diagram of Rate Process

Negative Rates
- arrow away

* Writethe de - Componyﬁ from component

/
ko kt @L@

Diagram of Rate Process

« Write the de - Component 1

o a @‘L@

Zero order
just enter rate constant
%=+k0— KL X, First order
dt multiply rate constant
by component at the
END of the arrow




Diagram of Rate Process

« Write the de - Component 2

%) k1 k2
1

Zeroorder
just enter rate constant
LS. X,- k2.x, Firstorder
dt multiply rate constant
by component at the

END of the arrow
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Diagram of Rate Process

« Write the de - Component 3

ko kL L.@

Zero order
just enter rate constant
%:JFKZ.XZ First order
dt multiply rate constant
by component at the
END of the arrow

Another example

« Write the de - Component 1

@L.

whereklisafirst order rate constant

AL




Another example

« Write the de - Component 1

@L,

dX,
=l=_ k1. X
dt !
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Rate of Change of Amount

dX, __
dt

Initial Condition
Bolus Dose = X,(0)

ki- X,

Amount Remaining - X,

*(0) Xy g x
dt !

Slope = - k1+X;
Amount

Time
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Numerical Integration - Euler

« Point-Slope Method
* Point
— Initial Vaue - X;(0)
« Slope
— Differential Equation - k1eX,

The Equation %:- k1- X,

An Example - Euler’ sMethod

» Choose stepsize (ss) = 0.1

100 X, (new) = X,(old) + slopesss
=X,(old) +(- k1eX,(old))ess
=100+(- 0.25100)+0.1
=100- 25=975

Xy(new) o1
X1(0) = 100 k1=025

An Example - Euler’ sMethod

Time AX, X,
0.0 100
0.1 -2.50 97.50
0.2
0.3
04
05

X,(0) = 100 k1=0.25 AL




Analytical Integration using
Laplace Transform
Laplace transform converts Differential
Equation into the Laplace s domain
Equation can be rearranged algebraicaly
Back transform provide the solution

Similar to ‘how’ logarithms convert
multiplication and division into addition and
subtraction
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Laplace Transform - General
Method

Write the differentia equation(s)
Transform to theLaplace, s, domain
Rearrange to solve for variable(s) of interest

Take the back transform to the time domain
to get the integrated equation

L aplace Integral

Laplace transform is based on the Laplace
Integral

Cf(t) = ¥03 of(t)+dt
0
where f(t) is the function to be transformed
from the time (t) domain to the Laplace (s)
domain

- for the mathematiciansin the class




Three Useful Transforms

» Transform of the constant A
(A :%

 Transform of variable such as drug amount
C(A*X)=A+X

 Transform of a differential equation
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X o
L oS % %o
Laplace Transform Table
Function: f(t) Laplace: f(s)
1 1
S
A A
S
Aee ™ A
(s+a)
A . A
E'(l_e ) s (s+a)
A at bt A
(e=-e™) — 0
(b-a) (s+a)+(s+b)
A A . A
Cet- Sef1-e™) A

a a
From Table |, Mayersohn and Gibaldi, Amer. J. Pharm. Ed., 34(4) 608-614 (1970) AsaPDFfile

Example - 1.V. Bolus

« One compartment Model - 1.V. Bolus

d—X:- keleX

dt

* Transform d.e. and variable
seX - X, =- keleX

* Solvefor X
seX +keleX =X, =Dose




Example-1.V. Bolus

* Rearrange and solve for X
Dose
s+kel

X =

» Back transform using Laplace Table

X =Dosese "

« Divide by V to Determine Cp
:é :Dﬂeoe' kel«t

C
P vV Vv
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Example - 1.V. Infusion

¢ One compartment Model - 1.V. Infusion
dX o
g = KO- kelX

e Transform d.e. and variable

seX - X, :k—g- keleX

« Solvefor X

soX +kelX = KO SinceX,=0
s

Example - 1.V. Infusion

* Rearrange and solve for X
go_ ko

" se(s+kel)
e Back transform usLng Laplace Table

0 - ke
X=@-(l— e )

« Divide by V to Determine Cp

X KO e
CP=y “Vekel (1-e™)




Integration of Cp versus Time

« Integration of dCp/dt give Cp versustime
* Integration of Cp gives Area under the Time

versus Cp curve (AUC)
INtegratiOn e—]
dCpidt Cp AUC

4— Differentiation

Acceleration «— Speed +— Distance
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Integration of Cp versus Time

¢ AUC is used a measure the dosage form
performance

« If the mode or equation is known then an
analytical solution is possible

« One model independent, numerical method
isthe trapezoidal rule

Areaunder the Curve (AUC)

Add time slices to calculate the total area
100 t=¥
AUC= (Cpedt

=0

oncentration (mg/ml)
2
3

c

4
Time (hr)
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AUC - Analytical Solution

=¥

AUC= ¢Cpedt

t=0

. Dose e
Cp= o€
if Cp v

t=¥
Auc= 2=,

e kot
\%

t=0

taking the constants (Dose/V) outside the integral
t=¥
AUC =D, e gy

t=0
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AUC - Analytical Solution...

Dose ‘T _jan
AUC== g et

t=0
now taking the integral
using Math Tables gives
auc= Do, e
VvV  8-kef.,
that isintegration from 0 to ¥
expanding using both limits gives

s Kele¥ ; kele0
AUC:Dose ée € u

V B-kd -k

AUC - Analytical Solution ...

Ao KEO¥ - kelO
AUC = Dose ée e u

V B-kd -kelE

since ekd¥ =0 and ekd0 =1

Auc=Do= & 0 1

R t
VvV  ékd -keC
and

_Dose 1 _ Dose _Cp(0)
AUC="0 "k “Vekel kel
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AUC - Numerica Solution

One segment - Shape of a Trapezoid

AUC Segment

Concentration (mg/ml)
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o 2 4Twne(hr) °
AUC - One Segment
T—% 40- ¢ Cp(z)cpM)
g . ‘(3)\ /«4)
0 2 :“mme(hf) ° : .
AUC - 0to Last Data Point
AUt _ CP(O) +Cp(1).t(1) +Cp(1)+Cp(2).(t(2) - (1)) +¥4
t=0 2 2
1/A+w.(t(last) - 4(6))

trati
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AUC - Zero to Infinity

=¥

AUC =AUCZ) = AUCE™ + AUCT .

=¥
’ = N Cp(last
with  AUCT . = (Fpedt= pliel )

t=t(last)
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AUC - Example Calculation

Time(hr)[ Cp DAUC | AUC
(ng/ml) (pg-hr/ml)
0 100
1 71 855 855
2 50 605 146.0
10 31 93 283.0
Total 8.9 291.9

* estimated by back-extrapolated #using kel = 0.348 hr-1
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